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ABSTRACT. We extend fundamental inequalities related to the canonical map of 
surfaces of general type to positive characteristic. Next, we classify surfaces on 
the Noether lines, i.e., even and odd Horikawa surfaces, in positive characteristic. 
We describe their moduli spaces and the subspaces formed by surfaces whose 
canonical maps are inseparable. Moreover, we compute their Betti-, deRham- 
and crystalline cohomology. Finally, we prove lifting to characteristic zero and 
show that the moduli spaces are topologically flat over the integers. 



Introduction 

A detailed classification of surfaces of general type, even over the complex num- 
bers, still looks hopeless. A more modest aim is to prove (in-)equalities holding 
between their fundamental invariants. Next, one would like to classify at least those 
surfaces that are extremal with respect to these inequalities. Even over the complex 
numbers, this is still far from complete and nearly nothing is known over fields of 
positive characteristic. 

One of these fundamental inequalities for minimal surfaces of general type is 
Noether's inequality K\ > 2p g {X) - 4 

see UNoeB and [BHPV, Chapter VII] for the complex case and HLie21 for arbitrary 
characteristic. It generalizes the formula deg Kc = 2g — 2 for curves. 

Depending on the image of the canonical map, there are sharper inequalities 
by Beauville [Bea] and Castelnuovo [C]. As our first result we extend these to 
arbitrary characteristic 

Theorem. Let X be a minimal surface of general type in arbitrary characteristic. 
In case the canonical image is 

a curve, Beauville's inequality K\ > 3p 9 (X) — 6 

birational to X, Castelnuovo's inequality K\ > 3p g (X) — 7 
holds true. 

Not too surprisingly, the main difficulty lies in establishing these inequalities in 
small characteristics. As in the complex case, the proofs give a structure result for 
minimal surfaces of general type with K 2 < 3p g — 7. We refer to Section[T]for the 
precise statement. 
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Coming back to Noether's inequality, we recall that a minimal surface of general 
type is called an 

even Horikawa surface if K\ = 2p g {X) — 4, and 

odd Horikawa surface if K\ = 2p g (X) — 3 

holds. Both classes together are referred to as surfaces on the Noether lines. Over 
the complex numbers, they have been roughly classified by Enriques [En J and more 
thoroughly by Horikawa BHorlL MHor2ll . A characteristic-free classification of 
even Horikawa surfaces has already been obtained in MLie211 . Here, we reprove 
this result and extend it also to odd Horikawa surfaces. 

Theorem. Let X be a surface on the Noether lines in arbitrary characteristic. 

(1) If X is an even Horikawa surface then the canonical linear system is base 
point free. 

(2) If X is an odd Horikawa surface with p g > 5 then the canonical linear 
system has a unique base point, which can be resolved after one blow-up. 

In both cases the canonical map is generically finite of degree 2. Its image is a 
possibly singular rational surface of degree p g — 2 in P Pfl_1 . 

Using del Pezzo's results on surfaces of degree n — 1 in P n it is not difficult to 
work out the detailed classification, see Section [3] Next, we prove existence: 

Theorem. All cases of the previous structure result exist in arbitrary characteris- 
tic. Moreover, in characteristic 2 all cases exist with inseparable as well as sepa- 
rable canonical maps. 

However, surfaces with inseparable canonical maps exist only in characteristic 
2 and even there they are quite rare. More precisely, 

Theorem. Surfaces with inseparable canonical maps form a proper closed subset 
of the moduli space of even Horikawa surfaces with fixed canonical image. Both 
moduli spaces are irreducible and unirational. 

In fact, we determine the codimension in Section H] The canonical model of a 
generic even Horikawa surface with inseparable canonical map has usually lots of 
A\ -singularities, whereas the canonical model of a generic even Horikawa surface 
tends to be smooth. We refer to Section|4]for precise and quantitative statements. 

Odd Horikawa surfaces with p g < 4 fall into more classes and we refer to 
Section |5] for a detailed and characteristic-free classification. For example, we find 
surfaces with p g = K 2 = 3 and inseparable canonical maps in characteristic 3. 

Using our explicit classification we compute the basic invariants 

Theorem. Let X be a surface on the Noether lines. Then 

(1) it is algebraically simply connected, 

(2) its Picard scheme is reduced, 

(3) the Frolicher spectral sequence degenerates at E\-level, 

(4) its crystalline cohomology is torsion-free, and 

(5) the Betti- and deRham-numbers coincide. 
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On the other hand, we give examples in arbitrary large characteristics where 
the slope spectral sequence from Hodge-Witt to crystalline cohomology does not 
degenerate at E\ -level. 

Finally, we prove lifting: 

Theorem. Let X be a surface on the Noether lines over k = k. Then 

(1) its canonical model lifts over the Witt ring W(k), and 

(2) X lifts via an algebraic space over a possibly ramified extension ofW(k). 

As a direct consequence we obtain 

Theorem. The moduli spaces of surfaces on the Noether lines are topologically 
flat over Spec Z. 

Unfortunately, in order to prove flatness and to determine the scheme structure 
of these moduli spaces, we have to understand contributions of singularities to the 
deformation theory of canonical models better. This will be dealt with in future 
work. 

The article is organized as follows: 

In Section Q] we extend Beauville's results circling around Castelnuovo's in- 
equality HBeal Section 5] to arbitrary characteristic. In particular, we obtain the 
structure result for surfaces with K 2 < 3p g — 7. 

In Section [2] we introduce an easy method to construct inseparable morphisms 
of degree p using generic a^-torsors. We use Cartier's canonical connection to de- 
scribe their singularities and prove Bertini-type theorems on generic singularities. 
This section is independent from the rest of the article and will be useful for the 
construction of surfaces in many other contexts. 

From Section [3] on we discuss surfaces on the Noether lines. In Section [3] their 
basic structure result is proven (assuming p g > 5 for odd Horikawa surfaces) and 
existence is shown in arbitrary characteristic. In characteristic 2 we show that all 
types of surfaces exist with separable as well as inseparable canonical maps. 

In Section|4]we give a characteristic-free description of the moduli space of even 
Horikawa surfaces with fixed canonical image. Moreover, we describe the proper 
subset formed by surfaces with inseparable canonical map. Finally, we determine 
the singularities on generic canonical models in these moduli spaces. 

In Section [5] we classify the remaining surfaces on the Noether lines, namely 
odd Horikawa surfaces with p g < 4 and establish their existence. 

In Section [6] we show that the Frolicher spectral sequence for surfaces on the 
Noether lines degenerates at E\. Next, we compute their Betti-numbers, deRham- 
numbers and deduce that their crystalline cohomology groups are torsion free. Fi- 
nally, we give examples in arbitrary large characteristic where the slope spectral 
sequence does not degenerate at E\ . 

In Section [7] we prove lifting of the canonical models over the Witt ring. This 
immediately implies that their moduli spaces are topologically flat over Spec Z. 

Finally, Appendix |A] contains a couple of results on double covers, which are 
somewhat scattered over the literature. Also, we extend results on canonical reso- 
lution of Du Val singularities to characteristic 2. 
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1. THE CANONICAL MAP 

In this section we establish several classical results on the canonical map of a 
surface of general type in positive characteristic. Basically, the classical proofs 
also work in positive characteristic, although a little care is needed since generic 
fibers of morphisms may no longer be smooth and the vanishing results of Kodaira, 
Mumford and Ramanujam are not at disposal. 

First case: the canonical image is one-dimensional. Our first result is due to 
Beauville |Bea, Lemme 5.3] over the complex numbers. The main difficulty ex- 
tending this result to positive characteristic are inseparability possibilities in char- 
acteristic 2, on which we comment during our proof. 

Theorem 1.1. Let X be a minimal surface of general type. If the canonical linear 
system of X defines a rational map with one-dimensional image, then Beauville's 
inequality 

K\ > 3 Pg - 6 

holds true. 

PROOF. Let X — > X be the resolution of indeterminacy and p : X — > B be 
the Stein factorization of the canonical map. The generic fiber is a connected and 
geometrically integral curve F. We denote its arithmetic genus by p a {F). 

If the canonical map has basepoints, then B is rational. Writing \Kx\ = Z + 
\aF\, Riemann-Roch on B yields a = p g — 1. Moreover, we calculate 

K x > aK x F > a 2 F 2 = (aF 2 ) (p g - 1) 

We are done if aF 2 > 3 and the result is trivial for a = 1. In the remaining case 
a = 2, F 2 = 1 we find K x > 4 = 3p g — 5. This establishes the desired inequality. 

Thus, we may assume that the canonical linear system defines a morphism. We 
write it as \Kx\ = Z + \aF\, where Z denotes the fixed part. Hence there exists a 
divisor D a of degree a on the base B such that Kx ~ Z + p*D a . By Riemann- 
Roch on B we obtain a > p g + p a {B) — 1. 

In case p a {F) > 3 we are done since then 

K 2 X > aK x F > 4a > 4(p g - 1) . 

Hence we may assume p a {F) = 2. We write the canonical system as \Kx\ = 
V + H + | aF | , where V + H denotes the fixed part of the canonical system decom- 
posed into a vertical component V and a horizontal component H. From KxF = 2 
we obtain HF = 2. 
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In case H is reduced, it is an irreducible curve or the the sum of two irreducible 
curves. Hence we obtain 

HKx + H 2 > —4 by the adjunction formula 

HK X -H 2 = HV + 2a > 2a 

Thus, HKx > a — 2 and we obtain 

K 2 X > HK X + 2a > 3a - 2 > 3p g - 5 

It remains to treat the case H = 2C, where C is an irreducible curve that defines a 
section of the nbration. 

So far we followed Beauville's proof MBeal Lemme 5.3]. However, the generic 
fiber may not be smooth, which can happen only in characteristic p < 5 by Tate's 
theorem on genus change in inseparable field extensions and p a (F) = 2. More- 
over, in characteristic 2 it could happen that the map of degree 2 onto a ruled 
surface that he constructs becomes inseparable. 

Instead, we consider p*i>Jx on B. For every b G B the fiber F\, = p~ l {b) has a 
reduced component (the curve C defines a section), and hence h°(Fb, Op b ) = 1. 
Since the Euler characteristic is constant in flat families we obtain hP{Fb, wp 6 ) = 2 
for all b G B. The adjunction formula yields 

ux\F b = (ux®O x {F b ))\ Fb u Fb . 

The global sections being 2-dimensional in every fiber, Grauert's theorem [Hart, 
Corollary III. 12.9] implies that p*cux is locally free of rank 2 on B and that for all 
b G B the natural map 

P*oj x ®o B Hb) -> H°{F b , ujx\f„) 

is an isomorphism. 

Hence the natural morphism p*p*uix — > wjf defines a rational map X — ■* 
S := ~P(p*LJx), where S is a ruled surface over B. On the generic fiber over B it 
induces the canonical map, which is finite of degree 2 onto PLm (the generic fiber 
is a regular curve with p a = 2). Thus, X — ■» S is a generically finite, possibly 
only rational map of degree 2. 

For every b G B the fiber F b is a Gorenstein curve with h°(ujF b ) = 2. Intersect- 
ing C with F b we obtain a C artier divisor Cj, of degree 1 on Fj>. Furthermore, we 
have h°(u!F b (—C} ) )) < 1, which follows from Riemann-Roch in case h 1 of this 
sheaf is zero and from Clifford's inequality in case h 1 does not vanish. We stress 
that this is true for every fiber since the theorems of Riemann-Roch and Clifford 
hold for Gorenstein curves. 

For a suitable blow-up e : X — > X, the rational map extends to a moiphism 
7r : X — > S. From the previous discussion we see that for every b G B, the Carrier 
divisor C b on F b is not a base point for ujp b . In particular, we do not have to blow 
up points on C in the resolution e of indeterminacy and it follows that the total 
transform e*(C) = C is an irreducible curve on X. 

Now, we follow again [Bea, Lemme 5.3]. From the case-by-case-analysis above 
we still have 

K^ = V + 2C + p*D a , 
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where V is a vertical divisor for p, and where V + C is the fixed part of \Kg\. On 
the other hand, we know that 

\K X \ = tt*\K s + 5\ 

for some divisor 5 on S. We conclude that there exists a curve r on S that defines 
a section of q and a divisor W that is vertical for g such that 

K s + 5 = W + T + g*L> a , vrT = 2C7. 

Applying Riemann-Roch to E := T + g*-D a on S 1 we compute 

o + l > h°(S,O s (E)) > x(O s (E)) = x(O s ) + ^(£ 2 -£Ks). 

Denote by 6 the genus of B. We have T 2 + TK S = 26-2, hence £ 2 - EK S + 4a = 
2r 2 - 2(6 - 1) + 4a. From the previous inequality we get a+l>l — 6 + T 2 + 
(1 — 6) + 2a and thus r 2 < 26 — 1 — a. Coming back to X we deduce 

C 2 = C 2 < 6-I( a + l), 
whence CKx >6 — 2 + |(a + l)by the adjunction formula. Finally, we obtain 

K | > 2CK X + 2a > 3a - 3 > 3p g - 6 
and are done. □ 

Remark 1.2. As in MBeal Remarque 5.4] it follows that if the canonical map of a 
minimal surface of general type with x(Cjsr) > 2 is composed with a pencil over 
a curve of genus 6 > 1 then 

K\ > 3p g + 5(6 - 1) 

holds true. 

Second case: the canonical image is two-dimensional. Let us first slightly ex- 
tend the notion of hyperelliptic curves. We refer to MLie21 Section 1] for details. 

Definition 1.3. A reduced and irreducible curve C, proper over an algebraically 
closed field, is called hyperelliptic if p a {C) > 2 and if there exists a morphism of 
degree 2 from C onto P 1 . 



Following HBeal Theoreme 5.5] and [HorQ Lemma 2], we now extend several 



results, which are due to Noether, Castelnuovo, Horikawa, and Beauville over the 
complex numbers, to arbitrary characteristic. 

Theorem 1.4. Let X be a minimal surface of general type and assume that the 
image of the canonical map is a surface. Let tt : X — > X be a resolution of 
indeterminacy of the canonical linear system and write 

\tv*K x \ = \L\ + F 

where F denotes the fixed part. Then Noether's inequality 



K 2 X > L 2 > 2p g - 4 



holds true. Moreover, 
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(1) If L 2 = 2p g — 4 then a general member of\L\ is a reduced and irreducible 
Gorenstein curve, which is hyperelliptic. 

(2) If K\ = L 2 then \Kx\ is basepoint free. 

(3) If\L\ defines a birational morphism then Castelnuovo's inequality 



K\ > L 2 > 3p g - 7 



holds true. 



PROOF. By Bertini's theorem [Jou, Theoreme 1.6.10], a general member C of \L\ 
is reduced and irreducible. Being a divisor on a smooth surface, C is Gorenstein. 

Then we can conclude as in the proof of [HorQ, Lemma 2] that K 2 > L 2 > 
2p g — 4 and that C is hyperelliptic (in the sense of Definition ! 1.3b if L 2 = 2p g — 4 
holds, cf. also the proof of BLie2[ Theorem 2.3]. 

In order to prove assertion (2), we note that 

(1) H 2 (X,0 5t {K 5t +nL)) = H {X,O^{-nL)) = for all n > 1 
by Serre duality. By Riemann-Roch we have 



o 

(2) X (X, O^Kx + nL)) - X (X, O-) = -L(E + F) + ~^~L 2 



where E denotes the divisor contained in exc(-7r) such that Kj% = ir*Kx + E holds 
true. 

By [Ek2, Proposition 1.1.7] we have h l {—nKx) = for n > 2 and then 
Riemann-Roch together with (Q~|) yield 

^p±K 2 x = h°(X,Ox((n + l)K x ))-x(Ox) 

> h°(X,O x (Kx + nL)) - x (Ox) 

> X (X,O x (Kx + nL)) - x (0~). 

Combining with © we obtain 

K\ > ^— L {E + F) + L 2 , 
n + 1 

for n > 2 and even for n = 1 except possibly for some surfaces in characteristic 2 
Ek2l Theorem II. 1.7]. Now, if L 2 = K 2 , we have LE = LF = 0. First, LE = 
implies that L can be considered as a divisor on X. Hence it is the identity. Second, 
\K\ = \L\ + F with LF = and the connectedness of canonical divisors implies 
F = 0. This proves that \K\ has no base point in case L 2 = K 2 holds. 

To prove (3), we note that the proof of [Bea, Theoreme 5.5] works in arbitrary 
characteristic. □ 



Castelnuovo's inequality and Beauville's results. The previous results extend 
HBeal Theoreme 5.5] and BBeal Remarque 5.6] to arbitrary characteristic: 

Theorem 1.5. Let X be a minimal surface of general type. 

(1) If K 2 = 3p g — 7 then the canonical map is either a rational map of degree 
2 onto a ruled surface or a birational morphism. 
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(2) If K 2 < 3p g — 7 then the canonical map is a rational map of degree 2 onto 
a ruled surface. 

Over the complex numbers, surfaces with K 2 = 3p g — 7 and birational canonical 
map have been studied by Castelnuovo 0. They have been classified without the 
birationality assumption by Ashikaga, Horikawa, Konno and others, see BAKU for 
details and further references. It seems plausible that their classification in positive 
characteristic is the same as over the complex numbers. We shall deal with the case 
K 2 = 3p g — 7 = 5 in Section |5]below. 

2. The geometry of a£-TORSORS 

In this section we describe a handy and useful method to construct inseparable 
covers using Q£-torsors. These are inseparable versions of cyclic Galois covers. 
Even if the base of the cover is smooth and £ is sufficiently ample, these covers 
are almost always singular. However, the singularities are controlled by Cartier's 
canonical connection. Moreover, in the surface case we will see that in nice and 
generic situations we may assume these singularities to be Du Val. 

In characteristic zero, cyclic Galois covers are omnipresent for the construction 
and classification of algebraic varieties. In positive characteristic p, inseparable 
covers are equally important and the simplest type are morphisms that are locally 
torsors under \i v or a p . Now, the group action of a Galois morphism between nor- 
mal varieties is completely determined at their function fields. This is in contrast 
to inseparable morphisms: a morphism that is Zariski-locally an a p -torsor may not 
give rise to a global a p -action. This leads to the notion of a£-torsors introduced in 
IIEk2l Section 0], which we recall here for the reader's convenience: 

Let k be an algebraically closed field of positive characteristic p and let S be a 
smooth variety over k of arbitrary dimension. As usual, we denote by F : S — >• 
the /c-linear Frobenius morphism. Since k is perfect we shall identify S and 
whenever needed. 

Now, given an invertible sheaf C on S we consider C and C® p as relative group 
schemes over S. Then Frobenius induces a short exact sequence (in the flat topol- 
ogy) of group schemes over S 

(3) -> a c -> C ->• C® p -> . 

This ac is a finite flat and infinitesimal group scheme of relative length p over 
S, cf. [Ek2, Section 0.(1.5)]. Locally in the Zariski-toplogy this group scheme is 
isomorphic to a p , whence the name. 

Remark 2.1. In characteristic 2, every finite inseparable morphism X — > S of 
degree 2, where S is smooth and X is Cohen-Macaulay is an ct£-torsor for a 
suitable invertible sheaf C by BEk21 Proposition 0.1.11]. This is analogous to the 
fact that every such morphism of degree 2 in characteristic ^ 2 is Galois. 

Torsors under ac are classified by cohomology classes in H\{S, ac), where the 
subscript fl refers to the fact that flat topology is required to define this cohomology 
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group (in order to trivialize such torsors). Taking cohomology in (0 we obtain 

(4) ... -> H°(S, C® p ) A H^S, ac) H\S, C) -)■ ... 

Given an open affine set f7 C S we have H l (U, C\u) = and thus the a^-torsor 
restricted to U arises as S(s) for a section s G H°(U, £® p ). Choosing a local 
generator t of £ (after possibly passing to an open affine cover of U), the torsor 
over U is given by 

(5) Ou[t]/(f-f)^Ou 

for some / G O;/. The elements d(s/t p ) G fi^ glue to a well-defined global 
05-morphism 

(6) C*™ ^ , 

whose zeroes correspond to the singularities of 5. The annihilator of this mor- 
phism is a subsheaf inside the tangent sheaf @s/k-> which is the p-closed foliation 
associated to the inseparable morphism ir, cf. the discussion after HEk21 Lemma 
1.2.5]. Viewing this assignment of a (local) section s of C® p to a (local) morphism 
© as a function of s, i.e., varying the a£-torsor we obtain the following 

Proposition 2.2. The map 

V : C® p -> Hom(£® ( - p \ J2^ /fc ) S fi* /fc ® £® p 

an integrable connection of p-curvature zero. Considering C as invertible sheaf 
on X( p \ we may identify C® p on X with F*C. Then horizontal sections of ' V form 
an invertible sheaf on X^ and we obtain 

(F*Cf C. 

Thus, V can be identified with the Carder connection on F*C. 

PROOF. For a local parameter t G C and a section s = f ■ t p of C® p with 
/ G Os we have V(s) = df <8> t p - A straight forward calculation shows that V is 
an integrable connection of p-curvature zero. Moreover, its horizontal sections are 
of the form f p ■ t p , i.e., come from C, considered as an invertible sheaf on X&K 
These properties characterize V as Cartier's connection Ka[ Theorem 5.1]. □ 

Let us recall that a cyclic Galois covering 7r : X — > S of order I prime to 
char (A;) is also given by an invertible sheaf C and that it*Ox as a Os -module is 
isomorphic to the direct sum of C~ l where i runs from to I — 1. This direct sum 
decomposition comes from the fact that the Galois action decomposes ir^Os into 
eigensheaves, all of which turn out to be invertible if S is smooth. 

On the other hand, every a^-torsor defines an extension class 

[0 -> Os -> £ ->■ C y -> 0] G Ext 1 (£ v , £><?), 
which splits after Frobenius pullback BEk21 Section 0.(1.6)]. We reinterpret ((U) as 

... -»• H°(S, F*C) A Hl(S, a c ) A Ext 1 ^, O s ) -> Ext 1 ^®^, O s ) - 
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Thus, the image of 5 consists of those a£-torsors, whose associated extension class 
in Ext 1 (£ v , Os) is trivial, i.e., torsors of the form 

p-i 

X =i Spec 0£®(-*) S 

i=0 

and where the multiplication map on the Os-algebra Ox is globally given by a 
section s € H°(S, C® p ). Here is an important example where the extension class 
of an a£-torsor is non-trivial: 

Example 2.3. Let Ej k be an elliptic curve. Then F : E -> fiW is an a£-torsor 
for £ = 0£( P ) corresponding to a class 77 E Hl{E&\ a£). It satisfies 

+ e(r?) e Ext 1 ^), = ff 1 ^), O^), 

for otherwise the torsor would be trivial. Depending on whether E is ordinary or 
supersingular, F can also be interpreted as /j, p - or a p -torsor, respectively. 

Let us now study a£-torsors of the form 5H°(S, £® p ), still assuming S to be 
smooth. Thus, let s be a global section of C® p . Then 5{s) gives rise to an ctc- 
torsor 7r : X — > S. We have seen above that the singularities of X correspond to 
the zeroes of V(s) where V is the C artier connection on £® p . 

From the local description © it follows that X is Cohen-Macaulay since S is 
smooth. As explained in HEk21 Section 0.(1.6)], every non-trivial a^-torsor over 
a smooth base is automatically reduced. Clearly, a torsor of the form S(s) is non- 
trivial if and only if s is not equal to w p for some w 6 H°(S, C). 

If V(s) does not vanish along a divisor on S then the associated a^-torsor S(s) 
is regular in codimension one and thus normal by Serre's criterion. 

Note that it : X — > S is everywhere ramified. Thus, despite the description ©, 
the zero divisor of s does not have a geometric interpretation as branch divisor. On 
the other hand, let D C S be a prime divisor contained in the zero divisor of s. If 
X is normal and E denotes the reduced inverse image of D then tt^E = D and 
tt*D = P E. 

Let us finally assume that S is a smooth projective surface and X — > S is an 
a£-torsor of the form 6(s) for some s € H°(S, £® p ). If X is normal then V(s) 
has only isolated zeroes. More precisely, V(s) will have 02(^5 <8> £®p) zeroes, 
counted with multiplicity. Thus, in general X will not be smooth, even if £® p is 
sufficiently ample. On the other hand, the occurring singularities are not too bad 
as the following Bertini-type result shows. 

Theorem 2.4. Let S be a smooth projective surface over an algebraically closed 
field of characteristic p > 0. Let C be an invertible sheaf on S such that 

(1) Vx € S there exist two sections s\,S2 € H (S, C® p ) meeting transversally 
in x 

(2) Vx G S there exists a section s € H°(S, £® p ) with strict normal crossings 
in x. 
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Then there exists an open and dense subset U C H°(S,£® P ) such that for all 
s G U the associated ac-torsor 5(s) is normal with precisely 02(^5(8) £® p ) Du Val 
singularities of type A p ~\ and no further singularities. 

PROOF. The first part is similar to the proof HHartl Theorem II.8.18] of Bertini's 
theorem: For a closed point P G S we choose an open affine neighborhood P G U 
and (after possibly shrinking U) a section /o G H (U, C) with /o(-P) 7^ 0. Then 
we define 

ipp : H°(S, C® p ) -> Os.p/m^ 

s ^ -4 

Jo 

viewing the right hand side as 6-dimensional /c-vector space. Using the natural 
embedding of k into Os,p we form the quotient map Tp P = ipp mod k to the 
5-dimensional vector space Os,p/(k © trip). 

After choosing generators cc, j/ G mp we may form the Taylor expansion with 
respect to x, y, which, by our particular choice of local parameter /q of C® p , yields 
Carrier's connection 

vGppOO) = ( §(P) + B( p ) ■ x2 + mf y ( p ) ■ x v + ■■■)■ dx 

+ (f ( p ) ■ » + 0( p ) • + S( p ) • ^ + •••) • ^ • 

Using the assumptions on the existence of sections of H°(S, C® p ) it is easy to see 
that the image of Tp P is at least 3-dimensional. Thus, ker(</?p) is of codimension at 
least 3 in H°(S,£® P )- 

On the other hand, a section s € ker(^p) has the property that V(s) has a zero 
of multiplicity at least two in P. Moreover, if the zeroes of V(s) are not isolated 
around P then also s € ker(</?p) holds true. 

Considering 

B := {{P,s) I a G ker(^ P )} C S x H°(S, £® p ) 

with its two projections pr x , pr 2 to S and H°(S, C® p ), a dimension count shows 
that pr 2 (-B) is a proper subset of H°(S, £® p ). Since we assumed k to be alge- 
braically closed, there exist sections s G H°(S, C® p ) where the zeroes of V(s) are 
isolated of multiplicity one. Since both properties are open it follows in fact that 
there exists an open and dense subset U C H°(S, £® p ) of such sections. 

Finally, locally analytically around a zero of V(s) the torsor is given by z p — xy, 
which defines a Du Val singularity of type A p -\. □ 

Remarks 2.5. We note that 

(1) The conditions on C® p are fulfilled whenever C is very ample. 

(2) If V C H°(S, C® p ) fulfills the assumptions then the conclusion also holds 
for a generic section of V. 

(3) For more on generic a^-torsors, we refer to HEkll Chapter VI]. Since I was 
unaware of this reference until pointed out to me by Torsten Ekedahl, there 
are slight overlaps with my exposition. 
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In BEk21 1.(1.10)] the notion of a£-torsor is generalized to a s -torsors, which 
coincides with the notion of Artin-Schreier covering of simple type in flUl . For a 
global section s G H°(S, r®^" 1 )) we define a s to be the relative group scheme 
over S, which is the kernel of 

-> a s -> C F ^ s £® p -»• 0. 

For s = we obtain a£ but if s ^ we obtain a group scheme, which is etale 
over S outside the zero divisor of s. As before, these torsors are classified by coho- 
mology classes H^(S, a s ) and to every a s -torsor one obtains an extension class in 
Ext 1 (£ v , Os)- Whenever this extension class is trivial the torsor is globally given 
as 

Spec O s [z]/(z p - sz + t) S 
for some global section t G H°(S, C® p ). Note that this morphism is branched 
over the zero divisor of s. However, note that if this divisor is smooth this does 
not necessarily imply that the torsor itself is smooth. On the other hand, only 
singularities of type A p -\ can occur if the zero divisor of s is smooth lITal Theorem 
2.1]. Let us strengthen this result slightly, whose proof is analogously to that of 
Theorem 1231 which is why we leave the proof to the reader. 

Theorem 2.6. Let S be a smooth projective surface over an algebraically closed 
field of characteristic p > 0. Let C be an invertible sheaf on S such that 

(1) the sheaf C is generated by global sections, 

(2) Vx G S there exist two sections s\, S2 G H°(S, meeting transver- 
sally in x 

Then there exists an open and dense subset U C H°(S, C^P' 1 )) H°(S, C® p ) 
such that for all (s, t) G U the associated split a s -torsor is smooth. 

Remark 2.7. The conditions are fulfilled whenever £ is very ample. 

3. Surfaces on the Noether Lines 

From now on we study surfaces on the Noether lines. In this section we prove 
their basic structure result except for some cases with small p g , with which we deal 
in Section [5] The surfaces of this section are double covers of rational surfaces via 
their canonical map. Next, we establish existence. Moreover, in characteristic 2 we 
prove that all classes exist with separable as well as inseparable canonical maps. 
Finally, we show that they are algebraically simply connected and have reduced 
Picard schemes. 

Let us first recall from MLie2[ Theorem 2.1] that minimal surfaces of general 
type fulfill Noether' s inequality 

K\ > 2 Pg - 4. 

Over the complex numbers, surfaces with K 2 = 2p g — 4 have been described 
by Enriques in BEnl Capitolo VIII. 11] and a detailed analysis of surfaces with 
K 2 < 2<Pg — 3 has been carried out by Horikawa in IIHorlll and IIHor2ll . In positive 
characteristic, the description of surfaces with K 2 = 2p g — 4 is the same as in 
characterstic zero [Lie2l. 
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Definition 3.1. A minimal surface of general type is called 

(1) an even Horikawa surface if K 2 = 2p g — 4, and 

(2) an odd Horikawa surface if K 2 = 2p g — 3. 

A surface belonging to one of these classes is said to lie on the Noether lines. 

We start with a preliminary analysis of their canonical maps, which is the key to 
their classification. 

Proposition 3.2. Let X be a surface on the Noether lines. 

(1) If X is an even Horikawa surface then p g > 3 and the canonical linear 
system is basepoint free. 

(2) If X is an odd Horikawa surface with p g > 5 then the canonical linear 
system has a unique base point, whose indeterminacy can be resolved after 
one blow-up. 

In all these cases the canonical map is generically finite of degree 2 onto a surface 
of degree p g — 2 in P p s . 

PROOF. If X is an even Horikawa surface then the canonical map is basepoint 
free and a general member of the canonical system is a (possibly singular) hyper- 
elliptic curve by Theorem 11.41 The canonical image is a surface which follows 
from Theorem [TTT] and p g > 3. Also, the canonical map cannot be birational since 
the general canonical divisor is hyperelliptic and so ujx does not restrict to a very 
ample linear system on it. Furthermore we know 

K\ = L 2 > deg.fr • degMX). 

But 0i (X) is a surface inside pPs -1 and thus has degree at least p g — 2. This leaves 
only the possibility deg 4>i = 2 and deg 4>i(X) = p g — 2. 

Now, let X be an odd Horikawa surface with p g > 5. Again, by Theorem ll.il 
and Theorem 11.41 the image of the canonical map is a surface and the canonical 
map cannot be birational. The inequality 

2p g - 3 = K 2 X > L 2 = deg 0i • deg 0i (X) > 2 ■ {p g - 2) 

has the only solution K\ = L 2 — 1, deg0i = 2 and deg0i(X) = p g — 2. In 
particular, the canonical system has a unique basepoint. □ 

Remark 3.3. A reduced and irreducible surface in P n that spans its ambient space 
has degree at least n — 1. Surfaces of this minimal degree have been classified by 
del Pezzo. For n > 3, the homogeneous ideal defining such a surface of degree n — 
1 in P n is generated by ^ (n — 1) (n — 2) quadratic polynomials. These polynomials 
correspond to the 2x2 minors of a certain (n— 1) x 2 matrix for Hirzebruch surfaces 
and cones over rational normal curves, and the 2x2 minors of a certain symmetric 
3x3 matrix for the Veronese surface in P 5 , namely 

( :Eo,0 ... X 0j a -1 x l,0 ■■■ »l,oi-l A 
V x 0,l ■■■ XQ,aa ^1,1 ••• x hai ) 

We refer to IIEHII for details and further references. 



X Xl x 2 
X\ X3 £4 
X 2 X4 x 5 
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Now, it is not so difficult to show that the first Betti number of a surface on 
the Noether lines is zero. Although this implies that the Picard scheme is zero- 
dimensional we could still have the possibility of a non-trivial H 1 (X, Ox ) caused 
by a non-reduced Picard scheme. We start with an argument from the proof of [Bo, 
Theorem 14]. 

Lemma 3.4. Let X be a surface on the Noether lines with h l (Ox) = 0. Then X 
is algebraically simply connected, i.e., its etale fundamental group is trivial. 

PROOF. Let X be a surface with h}(Ox) = and X -> X be an etale cover 
of degree m. Then we compute xiPx) = n^xi^x) and K\ = mK x . Using 
Noether's inequality we obtain 

m(l+ Pg (X)) = l-h l {O x )+p g {X) < l+ Pg (X) < ~K\ + Z = -K 2 X + 3. 

If X is a surface on the Noether lines then this inequality holds for m = 1 only. 
Thus, every etale cover of X is trivial and hence X is algebraically simply con- 
nected. □ 



Proposition 3.5. Let X be a surface on the Noether lines, which is 

(1) an even Horikawa surface or 

(2) an odd Horikawa surface with p g > 5. 

Then b±(X) = h (Ox) = and the Picard scheme of X is reduced. Moreover, X 
is algebraically simply connected. 

PROOF. An even Horikawa surface fulfills p g > 3, i.e., we may assume p g > 3 
in any case. Then the image of the canonical map is a surface by Theorem II .ll in 
case p g > 4 or in general by Noether's inequality HLie21 Theorem 2.1]. 

From Proposition 13.21 we know that the canonical image is a surface of degree 
p g — 2 inside P p » . By Remark 1331 we can find a basis of the p g -dimensional 
vector space H° (X, ujx ) such that the quadratic relations among them are precisely 
the ones given by 2 x 2 minors described there. Using the multiplication map 
\Kx\ x \Kx\ —> \%Kx\ and the quadratic relations we get 

p 2 (X) := h°(X,uf) >3 Pg -3. 

Together with Riemann-Roch we find 

(7) K\ + x{Ox) + h\X, oj x ) = p 2 > 3 Pg - 3 . 

We have h l {(jJ x ) < 1 by IIEk21 Theorem II. 1.7] and this dimension is zero except 
for a certain class of surfaces with xiPx) < 1 in characteristic 2. However, © 
gives us already h 1 (Ox) < 2 for our surfaces. In particular, they fulfill x iPx) > 2 
and hence h}(oj x ) = 0. Applying (0 once more we obtain h l {Ox) = for even 
Horikawa surfaces and h}(Ox) < 1 for odd Horikawa surfaces with p g > 5. 

We have to exclude the possibility of odd Horikawa surfaces with p g > 5 and 
h x {Ox) = 1. In this case we would have p2 = 3p g — 3, implying that the bicanon- 
ical map of X is the composition of the canonical map followed by the second 
Veronese map. By Proposition 13.21 the canonical map of such a surface has a 
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basepoint and hence so has the bicanonical map. However, this contradicts HS-B1 
Theorem 26]. 

Hence h {Ox) = holds true in all cases, and the surfaces are algebraically 
simply connected by Lemma [3~4l □ 

Remarks 3.6. Let us note that 

(1) Over the complex numbers, these surfaces are even topologically simply 
connected by [Horl , Theorem 3.4] and [Hor2, Theorem 4.8]. 

(2) There do exist minimal surfaces of general type with K 2 = h 01 = p g = 1 
and b\ = in characteristic 5, namely non-classical Godeaux surfaces, 
see MMiB and BLie3l . Thus, not "too far away" from the Noether lines non- 
reduced Picard schemes show up. 

From del Pezzo's analysis of surfaces of minimal degree and Proposition [3^2] we 
get an explicit description of our surfaces. 

By Proposition 13.21 double covers play a central role. We refer to Appendix lAl 
for a characteristic-free discussion. In particular, the notion of an invertible sheaf 
associated with a double cover is introduced there. We remind the reader that the 
notion of branch divisor is not well-defined for inseparable morphisms. 

For an integer d > 0, we let be the Hirzebruch surface P P i (Opi © Opi (d)). 
This P 1 -bundle over P 1 has a section Ao with self-intersection Aq = — d, which 
is unique if d is positive. We denote by T the class of a fiber of this P 1 -bundle. 

Theorem 3.7. Let X be an even Horikawa surface. Then the canonical linear 
system is a morphism and its canonical image S = (fii(X) is a surface of degree 
p g — 2 in Ws- 1 . Then there are the following possibilities: 

(1) S is smooth and we have a factorization 

01 : X -> X can 4 S PP'" 1 . 

The map tt is a finite flat morphism of degree 2 and X ca _ n has at worst 
Du Vol singularities. If C denotes the invertible sheaf associated with it, 
then 

- S^P 2 ,p g = 3andC^ O p2 (4) 

- S^F 2 ,p g = 6andC^O r 2{5) 

- S = TS?d, < d < min{pg — 4, \(p g + 2)}, p g — d is even and 
C 9* O Fd (3A + \{ Pg + 2 + 3d)r). 

(2) S is the cone over a rational normal curve of degree p g — 2 in P p s _1 with 
4 < Pg < 6. There exists a partial desingularization X' ofX can such that 
4>i factors as 

4>i : X X' A F P9 _ 2 ^ S PP'- 1 , 

where tt is finite and flat of degree 2. If £ denotes the invertible sheaf 
associated with tt, then C = 0F Pg _ 2 (3Ao + (2p g — 2)T). 

Proof. See jLie2l Theorem 3.3] and lILleU Proposition 4.2]. □ 
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Theorem 3.8. Let X be an odd Horikawa surface with p g > 5. Then the canonical 
linear system has a unique base point and its canonical image S = <f)\ (X) is a 
surface of degree p g — 2 in P P9_1 . We denote by X the blow-up of X in this 
base-point and obtain the following possibilities for the induced morphism: 

(1) Case A: S is smooth and we have a factorization 

4> x : X ->■ X' -> S ^ P^" 1 

\ t t> 

X" A s 

where the upper row is the Stein factorization of<j)\. The morphism v is the 
blow-up of S in two (possibly infinitely near) points x, y lying on a fiber T 
and with exceptional divisors E x , E y . The map tt is a finite flat morphism 
of degree 2 and X" has at worst Du Val singularities. If C denotes the 
invertible sheaf associated with tt, then 

S^F d and C C7 f (3i/*A + \{p 9 + 4 + 3d)z/T - 2E X - 2E y ) 

where < d < min{p 9 — 4, \ {p g + 1)} and p g — d is even. 

(2) Case A': S is the cone over a rational normal curve. Then p g = 5 and 
S = F3, but S — > P 4 is no longer an embedding but contracts Aq. In this 
case, we have 

5^F 3 and C ^ (3i/*A + 9v*T - 2E X - 2E y ). 

(3) Case B\: same as in case A but only for S = Fi and p g = 5. Then v is 
the blow-up of S in a point x € Ao and 

S = Fi and £ ^ O fi (4i/*A + 5^*r - 2E X ). 

(4) Case B2: same as in case A but only for S = F2 and p g = 6. Then no 
blow-up is needed and we have 

S = S^F 2 and £ ^ C Fa (4A + 7T). 

PROOF. For characteristic ^ 2 this is carried out in [Hor2, Section 1]. In charac- 
teristic 2 it also follows from loc.cit., only the standard facts about double covers 
have to be replaced by the characteristic 2 description, see Appendix \Aj below. In 
order to get the bounds on p g and d also in characteristic 2 we still can use |Hor21 
Lemma 1.2], which is justified by IILie21 Lemma 4.1]. □ 

Remark 3.9. The division into cases A and B goes back to MHor21 Section 1]. 

From the explicit description of C in Theorem 13.71 and Theorem 13.81 we get the 
following vanishing results, which will be important later on 

Lemma 3.10. Let C be an invertible sheaf as in Theorem \3. 7\ or Theorem \3. 8\ Then 

h}{C m ) = for all i e Z. 

Proof. For even Horikawa surfaces and odd Horikawa surfaces of type B2 this is 
straight forward, e.g., using IILie21 Lemma 3.5]. For the remaining odd Horikawa 
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surfaces, let v : S — > S be the blow-up in {x, y}. We write C as 

C = v*M ® O s (-2E x - 2E y ) . 

We compute h}{S, u*M m ) = h 1 ^, M®'' 1 ) = for alii el as before. For % > 
the theorem on formal functions gives B^v^C® 1 ) = 0, and then the Grofhendieck- 
Leray spectral sequence yields = /i 1 (S', i^(£® 1 )). Denote by Zi the 

closed subscheme of S corresponding to the ideal sheaf v*Og(—2iE x — 2iE y ). 
Taking cohomology in 

-> i/„0C®*) M m -> M®*^ -> 0, 

a tedious check reveals that the boundary map 5 : H°(Zi, M®*) -> F 1 ^, 
By the vanishing already obtained, we conclude /i 1 (S', = for i > 0. 

Similarly, one proves .C 8-1 <g> cjg) = for i < and using Serre duality, 
we obtain /^(S.jC®*) = for % < 0. □ 

Theorem 13. 81 and Theorem 13.71 give the possible list of even Horikawa surfaces 
and odd Horikawa surfaces with p g > 5 in arbitrary characteristic. It remains to 
prove their existence: 

Theorem 3.11. All possible cases in Theorem \3.8\ and Theorem \3. 71 do exist in 
arbitrary characteristic. Moreover, in characteristic 2 all these types exist with 
inseparable as well as separable canonical maps. 

PROOF. In characteristic p ^ 2, even Horikawa surfaces are easily constructed 
along the lines of [Horl , Section 1] and odd Horikawa surfaces with p g >h along 
the lines of HHor21 Section 1]. 

We may thus assume p = 2. A straight forward check shows that the sheaves 
C of Theorem 13.71 satisfy the assumptions of Theorem 12.41 This settles existence 
of even Horikawa surfaces with inseparable canonical map, which we have already 
obtained in MLie21 Section 5]. 

Let To be the fiber of — > P 1 that contains the points x, y in the statement of 
Theorem l3.8l Consider the subspace V C H°(S, £® 2 ) consisting of those sections 
that vanish along the strict transform F of To on S. Assume furthermore that in 
case A and A' the points x, y are chosen as follows: 
in case A: x, y Ao if p g > 3d — 3, 

in case A: x £ Aq, y Ao if 3d — 3 > p g > 2d — 1, 
in case A': x G Ao- 

A straight forward, yet tedious calculation reveals that the subspace V fulfills 
the assumptions of Theorem 12.41 Note that 7r*r = 2E for some rational curve E 
on the associated inseparable cover and thus E 2 = —I. Hence E is an exceptional 
(—1) -curve as in characteristic ^ 2. This settles existence of all cases of Theorem 
13.81 with inseparable canonical map in characteristic 2. 

From Lemma|3T0]we get ext 1 (£ v , O x ) = h}{C) = and so ® splits. Thus, 
the double cover it for a Horikawa surface is of the form it : Spec(0^©£ v ) — > S. 
The Og-structure is globally given by z 2 + fz + s = where s is a global section 
of C® 2 . The canonical map is inseparable if and only if / = 0. Since h°(C) ^ in 
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all cases, a generic global section f of £ yields a Horikawa surface with separable 
canonical map. We refer to MLie2[ Section 6] for technical details. □ 

4. Moduli spaces 

In this section we give a characteristic-free description of moduli spaces of even 
Horikawa surfaces with fixed canonical image, which turn out to be irreducible and 
unirational. In characteristic 2, surfaces with inseparable canonical map form an 
irreducible, unirational, proper and closed subscheme inside these moduli spaces. 
We restrict ourselves to even Horikawa surfaces in order to keep our discussion 
short. The interested reader will have no difficulties working out the corresponding 
statements for odd Horikawa surfaces. 

We obtained the case of separable canonical maps via a deformation argument 
from the inseparable ones. This is not a coincidence as we shall see now. To make 
this precise, let 5 be a surface of minimal degree n — 2 inside P n_1 . Then we 
define the following sets 

M even (S, n) := { even Horikawa surfaces with p g = n and 

canonical image S } / = 
M even > inse P(S, n) := { surfaces in M eYen (S, n) with inseparable fa } 

Whether the set M even (S,n) is empty or not is answered by Theorem 13.71 and 
Theorem l3.11l Here is a characteristic-free description of these spaces: 

Theorem 4.1. Whenever A4 even (S,p g ) is not empty it carries the structure of an 
irreducible and unirational scheme of dimension 

h°(S,£® 2 ) ~ dimAut(S) - 1, 
where £ is as in Theorem \3.7\ Whenever 

- S = P 2 , which implies p g = 3 or p g = 6, or 

- S = Frf and p g > 3d — 2 or p g = 2d — 2, or 

- S is not smooth and p g = 4 or p g = 6, 

then the generic surface of A4 cven (S , p g ) has a smooth canonical model. 

In the remaining cases the generic canonical model has A\- singularities. The 
number of A\- singularities of the generic canonical model is as follows: 





(F d , Pg ), 3d -2 > p g > 2d -2 


(cone, 5) 


A\ — singularities 


p g + 2 - 2d 


1 



PROOF. Assume that S is smooth and let X G M even (S, p g ). From the vanishing 
ext^r^Cs) = h}{£) = by Lemma[3H0]it follows that vr : X can -4 S is 
isomorphic to tt : Spec (O5 ® £ v ) — > S. The 05-algebra structure is given by 
z 2 + fz + g = where / G H°(S, £) and g € H°(S, £® 2 ). 

Conversely, for generic choices of global sections of £ and £® 2 , the associ- 
ated double cover 7r will be the canonical model of an even Horikawa surface with 
canonical image S inside P p f _1 . In characteristic 7^ 2 this is classical. In char- 
acteristic 2 the argument is as follows: a generic global section g £ H°(S,£® 2 ) 
and = / G H°(S,£) give rise to an even Horikawa surface with the desired 
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properties by Theorem 12.41 But then, fixing g, a generic choice of / G H (S, C) 
yields again a surface with at worst Du Val singularities MLie21 Proposition 6.1], 
i.e., the canonical model of an even Horikawa surface with the desired properties. 
Thus, the assertion is also true in characteristic 2. 

Therefore, there exists an open and dense subset U C H°(S, C) © H°(S, C® 2 ) 
mapping surjectively onto M eveD (S,p g ). Now, suppose we are given two O5- 
algebras Os[zi]/(zf + fczi + gi) that are isomorphic over S. A straight forward 
computation shows that such an isomorphism is given by z\ h-> a ■ Z2 + h for 
some a G k x and h € H°(S, C). Conversely, such a map defines an isomorphism 
over S. Thus, given two isomorphic even Horikawa surfaces, there exists an iso- 
morphism of S after which they become isomorphic as surfaces over S. Thus, 
A4 even (S,p g ) arises from U by quotienting out the indicated actions of Aut(S), 
G m and H°(S,C). In particular, A4 even (S,p g ) is irreducible, unirational and of 
the stated dimension. 

In case S is a cone the arguments are similar and left to the reader. 

Finally, if S = P 2 , S = F^ and p g > 3d— 2 or p g = 4 and S is a cone then C and 
£®2 WQ ver y am pi e j n characteristic / 2we can thus choose = / £ H°(S, C) 
and g S H°(S, C® 2 ) with smooth zero divisor and the associated double cover will 
be smooth. In characteristic 2 this conclusion still holds true by Theorem 12.61 In 
the remaining cases, sections of C and C® 2 necessarily vanish along Ay. We leave 
it to the reader that in case S = and p g = 3d — 2 and S a cone and p g = 6 it is 
still possible to find smooth sections whereas this is impossible in the other cases. 

As to the number of ^li-singularities, let us first deal with 5 = F^ and 3d — 2 > 
p g > 2d — 2. In characteristic p ^ 2, a generic section of C® 2 vanishes along the 
union of Ao and a smooth divisor intersecting Ao transversally in p g +2— 2d points. 
Thus, the associated double cover has the claimed number of Ai-singularities. In 
characteristic 2 a similar argument and Theorem 12.41 reveal that an inseparable 
cover associated to a generic section of C® 2 has at least A\ singularities at p g + 
2 — 2d points lying on Ao (but in fact more, see Theorem !4.3l below). A generic 
section of C vanishes along Ao and a smooth divisor intersecting transversally. 
This and a local computation reveals that a generic Artin-Schreier covering still 
has p g + 2 — 2d singularities of type A\. We leave the details and the case where 
S is a cone to the reader. □ 

Remark 4.2. Since S and £ are defined over the integers, the proof provides an 
explicit construction of M even (S,p g ) over Spec Z. See also Theorem 17 . 3 1 below. 

We included the statement about generic canonical models being smooth or not 
for the following reason: in case the canonical map is inseparable the canonical 
model has always singularities: 

Theorem 4.3. Suppose that we are in characteristic 2 and that A4 even (S,p g ) is 
not empty. Then the subset 

M eVen ' imeP (S, Pg ) C M CVCn {S,Pg) 

forms an irreducible and unirational subscheme of codimension hP(S, C). 
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Every surface of A4 evcn ' msep (S,p g ) has a singular canonical model, but the 
generic member has only Du Val singularities of type A\. The number of Ax- 
singularities of the generic canonical model is as follows: 



(S, Pg) 


(P 2 ,3) (P 2 , 6) 


Pg) 


(cone, p g ) 


A\ — singularities 


43 73 


12 + 10 Pg 


12 + 10pg 



In characteristic ^ 2, the set A4 even ' msep (S,p g ) is empty. 



PROOF. The canonical map of an even Horikawa surface is generically finite of 
degree 2 and so A4 even,insep (S,p g ) is empty in characteristic ^ 2. In character- 
istic 2, surfaces with inseparable canonical map correspond to those Os-algebras 
Os[z}/(z 2 + fz + g), where = / € H°(S,C), keeping the notations of the 
proof of Theorem 14. II By the arguments given there we find an open dense subset 
of H°(S, C® 2 ) mapping surjectively onto M cvcn ' insep (S,p g ). Taking into account 
the actions of H°(S,C), G m and Aut(S*) that link isomorphic surfaces we con- 
clude as before that Ai even ' msep (S,p g ) is irreducible, unirational and obtain the 
asserted codimension. 

Since 02(^5 tg> C® 2 ) is non-zero in all cases the inseparable double covers can 
never be smooth, see Section [2 However, by Theorem 12.41 the singularities of a 
generic member of A4 even,insep (S,p g ) are Du Val singularities of type A\. 

In order to determine the number of A\ singularities let ir : X CSLI1 — > S be 
the canonical model and its inseparable double cover, and assume S is smooth. Let 
7? : X — > S be the canonical resolution of singularities as given by Proposition lA.2l 
The singularities of X can all being of type A%, the number of these singularities 
equals the number of blow-ups in closed points S — > S, which is equal to 62 (S) — 
62 (S). On the other hand, tt is finite and purely inseparable, and X and S are 
smooth, which implies 62 (X) = b2(S). Since X is an even Horikawa surface we 
have 62 (X) + 2 = C2(X) = \2\(Ox) — K 2 from which it is easy to compute the 
stated numbers. In case S is not smooth we have to blow up once to start with and 
conclude as before. □ 

Remarks 4.4. We note 

(1) Even if every canonical model of M even (S,p g ) in characteristic 2 is sin- 
gular, the number of singularities of a generic member of A4 even (S,p g ) is 
less than that of a generic member of A4 even,insep (S,p g ). 

(2) The explicit examples of even Horikawa surfaces with inseparable canon- 
ical map of IILie2[ Sections 5 and 6] have /^-singularities and are thus 
rather special. 
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5. Small invariants 

We are left with the description of odd Horikawa surfaces with p g < 4. In 
this case the canonical map need no longer be generically finite of degree 2 onto a 
surface of minimal degree and new cases show up: 

Proposition 5.1. Let X be an odd Horikawa surface with p g < 4. Then we have 
the following cases 

(1) p g = 2, K\ = 1 and the canonical map is a pencil. 

(2) p g = 3, K\ = 3, the canonical linear system has a unique base point. 
After blowing it up we obtain a generically finite morphism of degree 2 
onto P 2 . 

(3) p g = 3, K\ = 3, the canonical linear system has no basepoints and 
defines a generically finite morphism of degree 3 onto P 2 . 

(4) p g = 4, K\ = 5, the canonical linear system has no basepoints and 
defines a birational morphism onto a quintic surface in P 3 . 

(5) p g = 4, K\ = 5, the canonical linear system has a unique basepoint. 
After blowing it up we obtain a generically finite morphism of degree 2 
onto a (possibly singular) quadric surface in P 3 . 

PROOF. If p g = 2 then the canonical map defines a pencil, whereas for p g > 3 
the canonical image is always a surface by IILie21 Theorem 2.1]. As in the proof of 
Proposition I3.2l the result follows from Theorem 1 1.41 □ 

Surfaces with p g = 2 and = 1. These surfaces have the smallest invariants 
possible among all surfaces on the Noether lines. The canonical map defines a pen- 
cil, which does not happen for surfaces on the Noether lines with larger invariants. 
We use the bicanonical map to obtain an explicit classification. 

Theorem 5.2. Let X be a minimal surface of general type with p g = 2 and K 2 = 
1. Then the bicanonical map is a morphism and factors as 

<j,\ 2Kx \ : x -> x can 4f 2 4p 3 , 

where n is a finite flat morphism of degree 2 onto the Hirzebruch surface F2 and 
with associated invertible sheaf C = Of 2 (3Ao + 5T). The map v contracts 
the {—2)-curve Ao on F2 and maps F2 onto a quadric cone in P 3 . Moreover, 
h r (Ox) = and the surface is algebraically simply connected. 

In characteristic 2, such surfaces exist with separable as well as inseparable 
bicanonical maps. 

PROOF. Ekedahl's inequality Ek2l Corollary II. 1.8] yields h l (O x ) < 1. Thus, 
we obtain x( Ox) > 2 and so /i 1 ^^-) = Oby [Ek2, Corollary II. 1. 8]. In particular, 
h°(u}^ 2 ) = 3. Arguing as in MHor21 Lemma 2.1], we conclude that the bicanonical 
linear system defines a morphism of degree 2 onto a quadric cone in P 3 . As in 
IIHor21 Section 2] we obtain the structure result of these surfaces. From the vanish- 
ing h l (C y ) = and (© we conclude h l (Ox) = and the surface is algebraically 
simply connected by Lemma [341 
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The existence of such surfaces in characteristic ^ 2 is shown along the lines of 
MHor21 Section 2]. Surfaces with inseparable canonical maps arise as a^-torsors 
over F2 and applying Theorem 12.41 Deforming these surfaces, we obtain surfaces 
with separable bicanonical maps. □ 

Surfaces with p g = 3 and = 3. Here there are two cases and both do exist. 
Also, we encounter possibly inseparable canonical maps in characteristic 3. 

Theorem 5.3. Let X be a minimal surface of general type with p g = K 2 = 3. 
Then 

(1) either the canonical map has a unique base point and after blowing it up 
we obtain a morphism of degree 2 onto P 2 . 

In characteristic 2, such surfaces exist with separable as well as insep- 
arable canonical maps. 

(2) or the canonical map is a generic ally finite morphism of degree 3 onto P 2 . 

In characteristic 3, such surfaces exist with separable as well as insep- 
arable canonical maps. 

In any case, h}{Ox) = and the surface is algebraically simply connected. 

PROOF. By Proposition 15. ll there can only be these two cases. 

In case the canonical map has a unique base point, let X — Y X be the blow-up 
of this base point and the canonical map extends to a generically finite morphism 
4>i : X — > P 2 . As explained in MHor2[ Section 2], the exceptional (— l)-curve of X 
maps to a line I in P 2 and X determines three points x, y, z on I. Let q : P 2 — > P 2 
be the blow-up in these three points with exceptional divisors E x , E y and E z . Then 

01 factors over P 2 . Let X -> X' ->• P 2 be the Stein factorization. Then X' -> P 2 
is a finite flat double cover with associated invertible sheaf C v = q*Op2(—5) ® 
0~ 2 {2E X + 2E y + 2E Z ). From the vanishing h}(£) = we get existence as in 
Section [4] Moreover, from h}(C w ) = we conclude h}(Ox) = and thus, X is 
algebraically simply connected by Lemma I3T41 

In case the canonical map is a morphism of degree 3 we can factor it as X — > 
X C an —> P 2 > where X CSLll is the canonical model and X c&n —Y P 2 is finite and flat 
of degree 3. If h 1 (Ox) = then X is algebraically simply connected. Moreover, 
in this case one can argue as in [Hor2 , Section 2] to conclude that X can embeds as a 
hypersurface given by an equation i/j 3 + Aip 2 + Bifi + C = into the vector bundle 
V(0 V 2 (2)) ->■ P 2 . Here, A, B, C are elements of Sym^Vx) wi th i = 2, 4, 6. 
Existence in characteristic 7^ 3 follows as in loc. cit. Surfaces with inseparable 
canonical maps can be constructed using «£-torsors over P 2 with C = Op2 (2) 
and applying Theorem 12.41 Deforming these surfaces, we obtain surfaces with 
separable canonical maps. 

It remains to exclude the existence of surfaces whose canonical map is a mor- 
phism of degree 3 and h l {Ox) 7^ 0. As in the proof of Proposition 13.51 such 
surfaces fulfill h l {Ox) = 1 and we obtain xiPx) = 3. Then tt : X can — > P 2 is a 
finite flat morphism of degree 3 and we obtain a short exact sequence 

-> O p2 -> 7r*0 Xcan -+ £ , 
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where 8 is a locally free sheaf of rank 2 on P 2 . From K 2 = 3 and = 3 

we get two equations for the Chern classes of 8, see llPal Proposition 8.1] and 
llPal Corollary 8.3]. A straight forward computation shows that these equations 
cannot be fulfilled by any locally free sheaf of rank 2 on P 2 . Thus 8 and X do not 
exist. □ 

Surfaces with p g = 4 and = 5. Again, we have to deal with two cases. We 
note that this class of Horikawa surfaces also fulfills K 2 = 3p g — 7. Thus, Propo- 
sition [5j] overlaps with the class of surfaces described in Theorem 1 1.5 1 

Theorem 5.4. Let X be a minimal surface of general type with p g = 4 and K x = 
5. Then 

(1) either the canonical map is a birational morphism that embeds the canon- 
ical model X can as a quintic surface into P 3 , 

(2) or the canonical map has a unique base point. After blowing it up we 
obtain a morphism of degree 2 onto a possibly singular quadric surface in 
P 3 . 

In characteristic 2, such surfaces exist with separable as well as insep- 
arable canonical maps. 

In any case, h}(Ox) = and the surface is algebraically simply connected. 

PROOF. By Proposition 15. II (or Theorem 1 1.51) there can only be these two cases. 

In the first case, Theorem l 1 .5l implies that Kx is very ample on X C£LQ , embedding 
it as a quintic surface in P 3 . Since quintic surfaces in P 3 with at worst Du Val 
singularities fulfill h 1 = and are algebraically simply connected, the same is true 
forX 

In the second case, Proposition [5j] yields their structure. Thus, we have to con- 
sider double covers of P 1 x P 1 with associated invertible sheaf £ = C P i xP i (3, 3), 
or of F 2 with C = O F2 (3A + 3T). From h}{C y ) = and © we deduce 
h}{Ox) = and hence these surfaces are algebraically simply connected by 
Lemma l3~4l Existence is shown as in Section[4] □ 

6. Hodge degeneration and crystalline cohomology 

In this section we show that that the Frolicher spectral sequence for surfaces on 
the Noether lines always degenerates at E\ . Moreover, we show that their Hodge- 
and Betti- numbers coincide. In particular, their crystalline cohomology groups are 
torsion-free. On the other hand, we show that there exist even Horikawa surfaces 
in arbitrary large characteristics, whose slope spectral sequence from Hodge-Witt- 
to crystalline cohomology does not degenerate at E\ . 

Proposition 6.1. Let X be a surface on the Noether lines. Then H°(X, Q x ) = 0. 
In particular, all global 1-forms are d-closed. 

PROOF. We will only deal with the cases where the canonical or bicanonical map 
is generically finite of degree 2 and leave quintic surfaces in P 3 (which satisfy 
p g = 4, K 2 = 5) and triple covers of P 2 with p g = K 2 = 3 to the reader. 



24 



CHRISTIAN LIEDTKE 



Then, by our explicit classification there exists a birational model X' of X with 
at worst Du Val singularities and a finite flat morphism tt : X' — > S of degree 2 
onto a smooth surface S. Let C be the associated invertible sheaf. By Lemma l3.1Q[ 
we have Ext 1 (£ v , 0$) = H 1 ^, C) = 0, which implies that the exact sequence 
© splits. Thus, X' embeds into the total space of the vector bundle 




The cotangent sequence for q on V exhibits $7y as an extension of q* (C v ) by q*Q s . 
In particular, H°(V, Qy) = 0. Passing to reflexive hulls, i.e., taking double duals, 
the conormal sequence becomes 

(8) o -> M$jy -> f(n v ) (o^,) vv -> o, 

where injectivity on the left follows from torsion-freeness. Note that det((Q x ,) vv ) 
and ojx' are isomorphic, since they coincide outside codimension two and are 
both reflexive sheaves on a normal variety. Taking determinants in ([8]) and us- 
ing ujx' — tt* (us <S> £) we see that J^x^/v * s i somor phic to Tr*(£~ 2 ). Pushing 
M^ /v down to S, and using H l (S, C~ 2 ) = H l (S, £~ 3 ) = from Lemma IXTOl 
we conclude H (X',M x Y,y) = 0. Thus, taking cohomology in ((8]) we obtain 

H°(x',(n x ,yv) = . 

Now, let v : X — > X' be a resolution of singularities with exceptional divisor 
Z and and let U be the smooth locus of X'. By reflexivity we have H°(U, f2~) = 
H°(X', (Sl^,) vv ) = 0. On the other hand, since v is the resolution of Du Val 
singularities there are never global sections of f2 ~ entirely supported on Z (in fact, 

global sections of Q ~ vanish along Z). Thus, the restriction map H (X, f2~) — >■ 

fl°(E7, J%) is injective and we conclude H°(X, Q x ) = H°(X, U 1 -) = 0. □ 

Let us recall that the Frolicher spectral sequence 

E%« = H«(X, Q x ) =► flg«(JT) 

links Hodge cohomology to deRham cohomology of smooth projective varieties. 
Over fields of characteristic zero, as well as for curves and Abelian varieties over 
arbitrary ground fields, this spectral sequence degenerates at E\ . 

Let us also recall, e.g. from HID 11.(4.9.1)], the universal coefficient formula for 
crystalline cohomology: 

-> Hi Ti8 (X/W)® w k -> Hi R (X/k) Torf (H%£(X/W), k) 0. 

It shows that deRham- and Betti-numbers coincide if and only if all crystalline 
cohomology groups are torsion-free. 

Theorem 6.2. Let X be a surface on the Noether lines. Then 

(1) its Frolicher spectral sequence degenerates at E\-level, and 
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(2) all crystalline cohomology groups are torsion-free. 
In particular, the deRham- and Betti-numbers coincide. 

PROOF. We have h 10 = h 01 = for surfaces on the Noether lines by the clas- 
sification results of the previous sections and Proposition 16.11 Moreover, we get 
h 12 = h 21 = from Serre duality. Already the existence of the Frolicher spectral 
sequence gives the inequalities /i^ R < h 01 + h 10 and /ij R < h 21 + h 12 . Thus, we 
obtain /i^ R = = 0. Moreover, J2 n (~ -O^Sr coincides with 
which implies h 2 ^ = h 02 + h 11 + h 20 . These equalities prove degeneration of the 
Frolicher spectral sequence at E\. 

From /ij R = = and the universal coefficient formula for crystalline 
cohomology we obtain H^ ris = H^ lis = and see that H 2 T1S is torsion-free. □ 

In lUID the Hodge-Witt cohomology groups W(X, WQ X ) WQ constructed. For 
smooth projective varieties, these are W = W( k) -modules of finite rank, whose 
torsion-groups may not be finitely generated. The slope spectral sequence 

E™ = H^X, Wn p x ) H?+ q (X/W) 

links Hodge-Witt- to crystalline cohomology. For surfaces, it degenerates at E\ if 
and only if H 2 (X, WOx) is finitely generated (Till Corollaire II.3.14]. Moreover, 
it degenerates always modulo torsion at E\, see ||nD Theoreme II.3.2]. 

In our case, this finite generation is closely related to the formal Brauer group: 
namely, if X is a surface on the Noether lines then h 01 = /i 03 = for dimensional 
reasons and by the classification results of the previous sections. Thus, the functor 
on Artin-algebras over k 

Br : i 4 ker (H 2 (X x k A, G m ) -> H 2 (X, G m ) ) 

is pro-representable by a smooth formal group Br(X) of dimension p fJ = h 02 , the 
formal Brauer group. Moreover, its Dieudonne module of typical curves can be 
identified with H 2 (X, WOx)- In particular, it is finitely generated if and only if 
Bt(X) is of finite height, i.e., has no unipotent part [AM, Section II.4]. 

In order to show that H 2 (X, WOx ) may not be finitely generated for surfaces 
on the Noether lines in arbitrary large characteristics, let us recall the following 
result [LS, Theorem 5.4]: 

Theorem 6.3 (-,Schiitt). There exists an arithmetic progression P of primes of 
density at least 0.99999985 such that for all p € P there exists an even Horikawa 
surface X p in characteristic p that is unirational. □ 

For such unirational surfaces Br(X) is unipotent [111, Remarque II.5.13]. Thus: 

Corollary 6.4. For all p € P there exists an even Horikawa surface X p in char- 
acteristic p, such that H 2 (X p , WOx p ) is not finitely generated. In particular, its 
slope spectral sequence does not degenerate at E\-level. 
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7. Lifting and topological flatness of moduli spaces 

In this section we show that the canonical model of a surface on the Noether 
lines lifts over the Witt ring W(k). Its minimal model lifts via an algebraic space 
over possibly ramified extensions of W(k). Finally, we use these lifting results to 
prove that moduli spaces of surfaces on the Noether lines are topologically flat over 
the integers. 

We start with a more general observation: let A; be a field of characteristic p > 0. 
We choose a DVR (R,m) of characteristic zero with residue field R/m = k and 
denote its quotient field by K. Let us also assume that R is a Nagata ring. By a 
lifting of a variety X — y Spec k over R we mean a scheme (or an algebraic space 
if explicitly stated) that is flat over Spec R with special fiber X. 

Proposition 7.1. Let X — > Spec k be a surface of general type, not necessarily 
minimal and with at worst Du Val singularities. If X lifts over R then 

(1) its canonical model X can also lifts over R, and 

(2) there exists a possibly ramified extension R' D R and an algebraic space, 
flat over R', with special fiber the minimal smooth model X m [ Q of X. 

PROOF. Let X — > Spec R be a lifting of X. Denote by K the field of fractions 
of R and by Xk the generic fiber of X. Since X and R are Gorenstein, the same is 
true for X and Xk- We denote by ujx its dualizing sheaf and note its restriction to 
the generic and special fiber yields the respective dualizing sheaves. Note that Xk 
also has at worst Du Val singularities IILie21 Proposition 6.1]. 

Since X is flat over R we have x '■= x(Ox) = x(@X K ) an d K 2 := K\ = 
K\ k . Moreover, we have h l (X,uj® n ) = for n > 3 by Ek2l Theorem II. 1.7] 
and thus Riemann-Roch yields 

h°(X, U %>) = ^p±K 2 + X = h\X K ^T K ) for all n > 3. 

This implies that for n > 3 global sections of lift to global sections of uj^J 1 
and that the H (X,u^ n ) are torsion-free i?-modules IIHartl Corollary III. 12.9]. 
Thus, the n-fold Veronese map for some n > 3 of the relative canonical ring 

oo 

4ll ■= Proj H°(X , uO SpecR 
k=0 

is a projective scheme over R with special (resp. generic) fiber isomorphic to the 
canonical model of X (resp. Xk)- This gives the stated lifting of X c&n . 

By the main result of [ Ar ] there exists a possibly ramified extension R' of R and 

an algebraic space over Speci?' over which Xc2l Spec-R admits a simultaneous 
and minimal resolution of singularities. This gives the desired lifting of X m - m . □ 

Using the explicit classification results of the previous sections we obtain 

Theorem 7.2. Let X be a surface on the Noether lines over an algebraically closed 
field k of positive characteristic. Then 

(1) the canonical model X can lifts over W(k) 
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(2) the minimal smooth model X m j n lifts via an algebraic space over a possibly 
ramified extension ofW(k). 

PROOF. We only deal with the case that X is an even Horikawa surface or an odd 
Horikawa surface with p g > 5 and leave the remaining cases to the reader. 

From Theorem 13.71 and Theorem 13.81 we see that there exists a surface X', 
birational to X, with at worst Du Val singularities and a finite flat morphism 
7r : X' — > S, where S is a smooth rational surface. As usual, we denote by C the 
invertible sheaf associated to ir. From the vanishing ext 1 (£ v , Os) = h}(£) = 
(LemmaEIOl) we see that X' = Spec (O s © £ v ) as 5-scheme. 

As already discussed in [Lie2, Section 7], Grothendieck's existence theorem 
implies that rational surfaces, and in particular S, lift over W(k). Moreover, 
invertible sheaves on rational surfaces even lift uniquely. We can lift sections 
of these invertible sheaves if their h 1 vanishes IILie2[ Lemma 7.1]. This being 
the case for C and C® 2 by Lemma [3. 101 it follows that the whole double cover 
7T : X' = Spec (O s © £ v ) -> S lifts over W{k). 

The result now follows from Proposition 17.11 □ 

Let us recall that a scheme over a regular, integral, one-dimensional base scheme 
is called topologically flat if its generic fiber is dense. 

Theorem 7.3. The moduli spaces of surfaces on the Noether lines are topologically 
flat over Spec Z. 

PROOF. This follows immediately from the lifting results above. □ 

Remark 7.4. Of course, it would be nicer to prove flatness of these moduli spaces 
and to understand their scheme structure (singularities, reducedness) in detail. This 
is equivalent to understanding the deformation theory of our surfaces, e.g., as in 
JHorOJ . Unfortunately, it seems that the contribution of Du Val singularities on 
their canonical models to their deformation functors is more complicated than in 
characteristic zero. We will come back to this in another article. 

Appendix A. Double covers and canonical resolution of 

SINGULARITIES 

In this appendix we recall a couple of facts on double covers and canonical 
resolution of their singularities. These results are somewhat scattered over the lit- 
erature and divided into several subcases, depending on whether the characteristic 
is different from 2 or not. In characteristic 2, the setup is usually divided into 
the separable and the inseparable case. Here, we provide the material needed to 
make the arguments of [HorQ, Section 2] and [Hor2, Section 1] work in arbitrary 
characteristic. 

First, a characteristic-free description of double covers is given in IICD. Chapter 
0.1]. In characteristic ^ 2, double covers and resolution of their singularities can 
be described in terms of branch loci, cf. ]HorQ[ Section 2] and HBHPV1 Section 
III.7]. In characteristic 2, there are two distinct types of double covers: they are 
either separable in which case we are dealing with Artin-Schreier extensions (of 
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simple type), cf. llTal . or they are purely inseparable and we are dealing with p- 
closed foliations and their singularities, cf. HHiri These latter two cases can be 
uniformly described in the language of a s -torsors, see |Hk2 1.(1.10)] or Section|2] 
Let / : X — > S be a genetically finite morphism of degree 2 from a normal 
onto a smooth surface. Let v : X — > X' followed by /' : X' — > S be the Stein 
factorization of /. Since X' is normal and /' is finite, it follows that /' is flat. 
Moreover, since /' is of degree 2 we obtain a short exact sequence 

(9) O s -)• fjO x > -> L y ^ 
where £ v is an invertible sheaf on S. We define C to be its dual. 
Definition A.l. We refer to £ as the invertible sheaf associated with n. 

In characteristic / 2, the morphism /' is Galois and the decomposition of 
fJDx' i nto eigensheaves yields a splitting of (O. Moreover, the branch locus of 
/' corresponds to a section of C® 2 and defines the Os -algebra structure on f'^Ox 1 
uniquely. However, in characteristic 2, there is no notion of branch locus if /' is 
inseparable. In the separable case this branch locus corresponds to a section of C, 
which is in general not enough to determine the Cg-algebra structure of f*Ox>- 

Since /' is flat and its fibers are Artin-algebras of length 2, which are Gorenstein, 
it follows that X' is Gorenstein. More precisely, we have 

(10) u x > = f*(u s ®C), hence K\, = ^(K s + L) 2 , 

where cox' denotes the dualizing sheaf of X', cf. HCD1 Section 0.1]. Since X' is 
Gorenstein, there exists a Cartier divisor on X', the canonical cycle Zk, which is 
supported on the exceptional locus of v and such that 

u x v*u x , ®O x (-Z K ). 

If v is minimal, i.e., does not contract any (— l)-curves, then Zk > 0. Then, 
Zk being zero is equivalent to X' having only rational singularities, i.e., Du Val 
singularities in our setup. 

We already remarked that C® 2 replaces the notion of a branch divisor. Then we 
define an invertible sheaf 1Z by 

uj x = f*L0 S (S>TZ such that the familiar formula O x {Z K ) = f*£ <8> K y 

from [ HorQ[ Lemma 4] holds true. This 1Z plays the role of a ramification divisor, 
although there is in general no distinguished section of this invertible sheaf. 

To resolve the singularities of a finite and flat double cover, there is the following 
procedure, which is classical in characteristic ^ 2, cf. MBHPVl Section III.7] and 
has been shown in characteristic 2 in the separable case in iTTal Section 2] and in 
the inseparable case in [Hir, Proposition 2.6]. 

Proposition A.2 (canonical resolution of singularities). Let f : X — » S be a finite 
and flat morphism of degree 2 from a normal onto a smooth surface. Let x € X 
be a singular point. Then there exists a sequence of blow-ups in smooth points 
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7T : S — > S such that the normalized fiber product 

X ¥- X 

if if 

s £- s 

yields a resolution of singularities w : X — > X and such that f is again a finite 
and flat morphism of degree 2. □ 

We need a characteristic-free substitute for [HorQ, Lemma 6]. Thus, we want 
to determine the effect of a single blow-up and normalized fiber product in the 
previous proposition, which in general is only a partial desingularization of X. 

Lemma A. 3. In the situation of Proposition \A.2\ assume that ir is only a single 
blow-up in f(x). Let E be the exceptional divisor ofir and C the invertible sheaf 
associated with f. Then there exists an integer n > such that 

£ tt*C ® G § (-nE) 

u x m*(u x ) ® f*Og((l - n)E) 

K\ = K\ - 2(n - l) 2 
X (O s ) = X {Ox) - \n{n-l) 

= 2 x (Os) + \C ■ (u>s ® C) - \n{n - 1) . 

Moreover, 

(1) x € X is a smooth point if and only ifn = 0, and 

(2) if ' x € X is a rational singularity then n = 1. 

PROOF. Pulling back ([9]> to S, we obtain a commutative diagram 

-)■ TT*0 S -> TT*f*0 X ->■ -> 

(11) 1~ _1 i 

-> 0g -> £ v -> 

where ir*f*Ox — > f*O x is the normalization. The induced inclusion 7r*£ v — » £ v 
is an isomorphism outside E. Hence there exists an integer n > such that 

vr*£ v £ v Og(-nE) . 

The formulae for u;^ and iT~ follow from (flOl) . We compute x(O^) by taking 
Euler characteristics in (ITTb and applying Riemann-Roch. 

If x € X is singular, then X Xj 5 is singular along Ct7 _1 (x). In particular, 
7r*/*Cx is not normal and we get n > 1. 

If x E X has at worst rational singularities then so has X along w~ 1 (x) and 
thus x(Cx) = x(Cx)> w hi c h gives n € {0, 1}. 

Finally, if x € X is a smooth point, then X is smooth along cu _1 (x), which 
implies that K 2 ~ < K\. In particular, n ^ 1 which gives n = be the previous 
consideration. □ 
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Remark A.4. In characteristic ^ 2, the integer n is half the multiplicity of a sin- 
gularity of the branch curve, see [HorQ, Lemma 6] or [BHPV, Theorem 111.(7.2)]. 

We note that our singularities are automatically Gorenstein. Thus, rational sin- 
gularities on double covers are Du Val singularities. The following extends |HorQ[ 
Lemma 5] and [BHPV, Theorem 111.(7.2)] to arbitrary characteristic: 

Proposition A.5. Let f : X — > S be a finite and flat morphism of degree 2, where S 
is a smooth surface and X has a Du Val singularity in x € X. Then the canonical 
resolution w : X — > X coincides with the minimal resolution of singularities. 
Moreover, 

C ^ n*C®u y ~® tt*u s ■ 

PROOF. By the previous lemma, we find n = 1 for every single blow-up in a 
closed point of the base. Thus, the canonical resolution of singularities fulfills 
t^x = w*ux, which implies that it is minimal. 
From the formulae 

oj x = f*(oj s ®£), u x ^]*{us®C) and u x w*{u x ) 
we obtain the statement linking -k* C to C □ 
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